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—— Abstract

Quantitative equational logic introduced by Mardare, Panangaden and Plotkin has enabled the
algebraic axiomatisation of many metrics. This is achieved by finding a quantitative algebraic theory

that presents a monad on a category of metric spaces. We show how to construct such a theory for
monads that lift monads on Set with a known algebraic presentation.

2012 ACM Subject Classification Theory of computation — Equational logic and rewriting; Theory
of computation — Algebraic semantics; Theory of computation — Probabilistic computation

Keywords and phrases Monads, Monad liftings, Algebraic presentations, Quantitative algebras

1 Introduction

Moggi’s seminal papers [20, 21] started a long-lasting tradition in the field of denotational
semantics of modelling computational effects with monads. Examples include nondeterminism,
probabilistic nondeterminism, input/output, termination, exceptions, and more.

Monads are largely indispensable in category theory, and they had been extensively studied
by practitioners of the field before that. In particular, in his thesis [12], Lawvere identified a
tight link between monads and universal algebra. Every algebraic theory presents a monad
on the category of sets (Set), and every finitary (a categorical finiteness property) monad
on Set is presented by an algebraic theory. In an excellent series of papers [22, 23, 24, 25],
Plotkin and Power advocated for exploiting this link and studying computational effects
through algebraic theories. We refer you to the survey [11] and tutorial [6] for more.

The framework of quantitative algebraic reasoning was introduced in [14] as a natural
extension of previously cited works to reason about program distances instead of program
equivalences. It quickly spanned a lot of theoretical [15, 4, 13, 5, 1, 18, 2, 10] and practical
investigations [3, 19, 17], and our paper follows their lead.

Given a signature X (a set of operation symbols with finite arities), a quantitative
Y —algebra is a metric space (A4,d4) equipped with interpretations of the symbols in ¥ as
functions A™ — A with possible extra conditions. We will notably impose no conditions on
the operations. This extends to an interpretation of all terms formed with finitely many
applications of operation symbols in X.

A quantitative algebraic theory over a signature X is a class E of equations and so-called
quantitative equations between terms formed over variables. As in the classical case, an
equation s =t means that s and ¢ are interpreted as the same thing. A quantitative equation
s =, t is parameterised by € € [0, 1], and it means that the distance between the interpretation
of s and t is at most . Given a theory (X, E), the free quantitative (3, E)falgebra on a
metric space (X, d) is constructed by taking all the terms over X, defining the distance
between s and t to be the smallest distance that can be derived using E, and quotienting by
the equations that are deductible from E. This induces a monad 1/;7 7 on Met, the category
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of metric spaces and nonexpansive maps. We say a monad on Met is presented by (X, E) if
it is isomorphic to fz 7 Not all monads on Met have a presentation, but a characterization
of those that do is well under way [1, 2].

Most concrete results in the literature give presentations for monads on Met that take
great inspiration from presentations of monads on Set. For instance, two monads considered
in the original paper [14] are the finite powerset (with the Hausdorff distance) monad and
the finite distributions (with the Kantorovich distance) monad on Met. They are monad
liftings (see Definition 27) of existing monads on Set that are presented by the algebraic
theories of semilattices and convex algebras respectively. The latter are key ingredients for
their presentation results.

Contributions. In this paper, we prove (Theorem 32) that if a monad M on Met is a monad
lifting of a monad M on Set presented by an algebraic theory (3, F), then M is presented
by a quantitative algebraic theory. The proof explicitly constructs that theory using ¥ and
FE, so it can be seen as a more automatic way to apply the quantitative algebraic reasoning
framework. Another consequence of this result is Corollary 33 that gives a correspondence
between monad liftings of M and theory liftings (Definition 28) of E. Finally, we show in
Section 5 how to simplify the proofs of existing presentation results using Theorem 32, and
we give two new presentation results.

As mentioned above, our treatment of quantitative algebras and theories is different from
most of the literature because operations are not assumed to be nonexpansive with respect to
the product metric. This idea borrowed and altered from [18] is necessary for Theorem 32 to
hold. Indeed, we define a monad lifting of the finite powerset monad to Met (Proposition 34)
that cannot be presented by a theory in the sense of [14], in short because it is not enriched.
As in [18], our results also apply more generally to variants of Met, like the category of
pseudometric spaces, quasimetric spaces and more (see Definition 11).

2 Background

We recall some definitions and results following the background section of [18] but with
a slightly different presentation tailored for our usage. Facts easily derivable from known
results in the literature are systematically marked as “Proposition” throughout the paper.

2.1 Monads

» Definition 1. A monad on a category C is a triple (M, n, 1) comprising a functor M: C —
C together with two natural transformations: a unit n: ide = M, where id¢ is the identity
functor on C, and a multiplication p: M? = M, satisfying ponM = po Mn = idy and
poMp=pouM.

We often refer to a monad by simply specifying the functor. A monad M has an associated
category of M—algebras.

» Definition 2. Let (M,n, 1) be a monad on C. An algebra for M (or M-algebra) is a pair
(A, @) where A € C is an object and o : M(A) — A is a morphism such that (1) ccony =idg
and (2) a o Ma = o pua hold. An M-algebra morphism between two M —algebras (A, @)
and (A’ ') is a morphism f: A — A’ in C such that foa =o' o M(f). The category of
M —algebras and their morphisms, denoted by EM(M), is called the Eilenberg—Moore category
for M. There is a forgetful functor U : EM(M) — C that forgets the algebra structures.
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» Definition 3. Let (M,n,u) and (M',n',1') be two monads on C. A monad morphism
from M to M’ is a natural transformation X : M = M’ such that (1) Xon™ = n™' and
(2) Mo uM = ,uM/ o AM’ o M. It is a monad isomorphism whenever each component
Ax : MX — M'X is an isomorphism in C.

» Proposition 4. Let (M,n,pn) and (M',n/,1') be two monads on C. There is a monad
isomorphism M = M’ if and only if there is an isomorphism of categories EM(M) 2 EM (M)
that commutes with the forgetful functors to C.

2.2 Universal Algebra

We recall basic definitions and results from universal algebra, [7] is a standard reference.

» Definition 5 (Signature). A signature is a set ¥ containing operations symbols each with
an arity n € N. We write op : n € ¥ for a symbol op with arity n in X. With some abuse of
notation, we also denote by ¥ the functor ¥ : Set — Set with the following action:

S(A) =[] 4* =n= [
op:n€X op:nEX
» Definition 6 (X—-algebra). A Y—algebra is an algebra for the functor ¥. Equivalently, it
is a set A equipped with a set [X]a of interpretations of the operation symbols, i.e., for
every op : n € X there is a function [op]a : A" — A in [X]a. We call A the carrier set. A
homomorphism between two Y—algebras with carrier sets A and B is a function f: A — B
preserving the interpretations of operations, i.e., satisfying Yop : n € X,Vaq,. .., ay,

f(lop]alas, ... an)) = [op]B(f(a1),. .., flan)).
The category of Y —algebras and their homomorphisms is denoted by Alg(X).

» Definition 7 (Term). Let ¥ be a signature and A be a set. We denote with Tx A the set
of terms built from A using the operations in X, i.e., the set inductively defined as follows:
a € TsA for any a € A, and op(t1,...,tn) € TsA for anyop :n € X and tq,...t, € TS A.
We often identify elements a € A with the corresponding terms a € T A. In any S-algebra
(A, [X]4), we can extend the interpretations of operations to all terms in Ts A inductively:

[a]a = a and Jop(t1,...,tn)]a = [op]a([t1] 4, -, [En]a)-

The assignment A — Ts A can be turned into a functor Ts, : Set — Set by inductively
defining, for any function f : A — B, the function T, f : Tsxs A — T B as follows: for any
a€ A Tsf(a) = f(a), and Yop : n € ¥, Vitq,...1, € TnA,

Tsf(op(ti,...,tn)) = op(Tsf(t1),...,Tsf(ts)).

This allows to extend the interpretation [—]a to all terms in Ts X provided we have an
assignment of variables 1 : X — A by precomposing with Tx,t. We denote this interpretation
[ = [-lacTse.
» Definition 8 (Equation). An equation over X is a triple comprising a set X of variables,
also called context, and a pair of terms s,t € Ts X that we denote by VX.s =t following [7].
The symbol ¥ does mot indicate a quantification over X, but over assignments of variables as
explained below. We say that an equation VX.s =t is satisfied in a X—algebra A = (A,[X]4),
and we write A FVX.s =t, if for all assignments of variables v : X — A, [s]4 = [t]4-
Given a class E of equations over 3, we write A E E if A satisfies all equations in E,
and we denote by Alg(3, E) the full subcategory of Alg(X) of all X-algebras that satisfy all
equations in E.
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» Definition 9 (Algebraic theory). Given a class E of equations over ¥, Th(Alg(X, E)) is the
class of equations that are satisfied in all algebras in Alg(X, E). Of course, Th(Alg(%, F))
contains all equations in E, but also many more equations like VYx.x = x which is satisfied
by any algebra in Alg(X). An algebraic theory is a class E of equations over a signature %
such that E = Th(Alg(X, E)). For any set of equations E, Th(Alg(X, E)) is an algebraic
theory, and we call equations in E the generators of this theory.

» Proposition 10. For any algebraic theory (X, E), the forgetful functor U : Alg(X, E) — Set
that forgets about the algebra structure is strictly monadic.

Proof sketch. We give the detailed constructions of the left adjoint via free algebras because
they will be used in the rest of the paper. Given a set X, the carrier of the free (X, E)-algebra
on X is the set of terms in 75X quotiented by the equivalence relation

s=ptoVXs=tekFE.

We denote by [s]g the equivalence class of s € T5, X in Tx;, p X := Tx X/=pg. The interpretation
of op : n € ¥ is defined syntactically (a bit of work is needed to show this is well-defined):

[[op]]([tl]Ev R [tn]E) = [Op(tlv s atn)]E'

The universal morphism from X to U is n)E(’E : X = TxX/=F sending z to [z]g. After
showing U uniquely creates coequalizers of U-split pairs, we obtain a monad 7% p with unit
n™F and multiplication 4= such that EM(Tx g) & Alg(%, E). The explicit definitions of
Tx g applied to f: A — B and the multiplication are respectively

Ty pf:TsgA—Ts gB=tlg — [T f(t)]e, and
pyl  Te pTe pX = Te X = [t(ti]e, .-, [tale)]E — [t . ta)] e

Let us also explicit the isomorphism between the categories of algebras.

Given a Ty, g-algebra a : Ty, g A — A, we define [X]4 by letting [op]a(ai,...,a,) =
a([op(ai,...,an)]E) for each op : n € ¥. Given a Y-algebra A = (A, [X]4) that satisfies
E, the interpretations of terms [—]4 : Ts A — A identifies terms equivalent under =g (by
definition of satisfaction). Thus, [—]4 factorises through Tx gA, and one can show the
resulting function ay : T pA — A is a Tx gp-algebra. <

2.3 Generalised Metric Spaces

The literature on quantitative algebraic reasoning is mostly focused on the category Met of
metric spaces (with possibly infinite distances or distances bounded by 1) and nonexpansive
maps. In continuity with [18, Section 2.3], we allow for many variants of Met that we call
GMet (more details are in loc. cit.).

» Definition 11 (GMet). A generalised metric space is a set X equipped with a distance
function d : X x X — [0,1] that satisfies some axioms, e.g. symmetry, triangle inequality,
etc. For a fized set of axioms, we denote by GMet the category of generalised metric spaces
that satisfy these axioms with morphisms being nonexrpansive maps.

The category Met is an instance of GMet where the axioms are
VYa,be A, d(a,b) =d(b,a) symmetry (
Va e A, d( (

Va,be A, d(a,b)=0 = a=Db indentity of indiscernibles (3
Ya,b,c € A, d(a,c) (

a,a) = reflexivity or indiscernibility of identicals

a,c) < d(a,b) +d(b,c). triangle inequality



172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

M. Mio, R. Sarkis, and V. Vignudelli

In the sequel, the instantiation of GMet will not play an important role. In fact, almost all
examples will be in Met. Hence, for a better reading experience, throughout the sequel, we
fix an arbitrary instance of GMet and refer to its objects as metric spaces (omitting the
word “generalised”).

For any set X, the discrete generalised metric on X is a distance d; : X x X — [0,1]
satisfying the axioms of GMet such that for any (Y, A) and any function f : X — Y,
f:(X,dy) — (Y,A) is nonexpansive. This can also be stated as a universal property, so
(X,dy) is unique with this property, and the assignment X — (X, d ) assembles into a
functor F'; : Set — GMet left adjoint to the forgetful functor U : GMet — Set.

3 Quantitative Algebras and (Generalised) Metric Monads

This section presents our framework for quantitative algebraic reasoning which is slightly
different from the original [14]. It borrows from [18] the generalisation to GMet and not non-
expansive operations, and from [9] the handling of context for (quantitative) equations (called
Y-relations in loc. cit.). We define quantitative algebras and their equations, quantitative
theories and the monads they induce, and we define algebraic presentations. In contrast to
the previous references, we omit the syntactical deductive system, but we prove many small
results that essentially amount to soundness with respect to that hypothetical deductive
system, as they are useful in proofs.

Quantitative Algebras

Given a signature X, we abusively denote by ¥ the functor ¥ : GMet — GMet defined by
the composite GMet Y, Set 2 Set L4y GMet, it has the following action:

S(Ad) = [T 4ade] == []

op:nEX op:neX

» Definition 12 (Quantitative algebra). A GMet Y-algebra is an algebra for the functor
Y : GMet — GMet. Equivalently, it is a metric space (A, d) equipped with a set [E]a of
interpretations of the operation symbols, i.e., for every op : n € ¥ there is a function [op]a :
A" — A in [X]a. We call (A, d) the carrier space. A homomorphism between two X-algebras
with carrier spaces (A,da) and (B,dg) is a nonexpansive function f : (A,da) — (B,dp)
preserving the interpretations of operations, i.e., satisfying Yop : n € X,Vaq,...,ay,

f([[op]]A(a’la v 70‘,”)) = [[op]]B(f(al)a ey f(an))
The category of GMet Y—algebras and their homomorphisms is denoted by QAlg(X).

» Remark 13. When the category GMet is irrelevant (or when it is fixed as in this paper),
we use the term quantitative algebra as in [14] and [18]. The difference between Definition 12
and analogous definitions in those papers is that we impose no condition on the operations.
This can be seen as a special case of [18] since ¥ : GMet — GMet can be seen as the
lifted signature [18, Definition 3.6] of 3 : Set — Set where all operations are lifted with the
discrete metric. We do not loose generality because the condition on operations imposed by
lifted signatures can be imposed by sets of (quantitative) equations (see Definition 14).
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Any quantitative Y-algebra (A, d4, [X]4) has an underlying Y—algebra (4, [X]4) in Alg(X)
and a carrier space (A4,d4) in GMet. We get two more forgetful functors and the pullback
square in (5). In particular, we can still talk about terms and their interpretations inside a
quantitative algebra, and we can define GMet equations.

QAlg(X) —— GMet

L

Alg(X) — Set

» Definition 14 (GMet equation). A GMet equation over ¥ is a triple comprising a metric
space (X, d) of variables, also called context, and a pair of terms s,t € Ts X that we denote by
V(X,d).s =t. We say it is satisfied in a GMet Y-algebra A = (A,d4,[X]4), and we write
AEVY(X,d).s =t, if for all nonexpansive assignments ¢ : (X,d) — (A,da), [s]4 = [t]4-

A GMet quantitative equation over ¥ is a quadruple comprising a context (X,d), a pair
of terms s,t € Ts X, and a bound € € [0,1] that we denote by ¥(X,d).s = t. We say it is
satisfied in a GMet X-algebra A = (A,da, [2]4), and we write A EV(X,d).s = t, if for
all nonexpansive assignments v : (X,d) — (A,da), da([s]y, [t]4y) <e.

Given a class E of GMet equations and quantitative equations, we denote by QAlg(3, E)
the full subcategory of QAlg(X) of all GMet X-algebras that satisfy all of E.

» Remark 15. In practice, we do not specify a GMet (quantitative) equation by giving the
full description of the context. We give only distances between variables that are required,
and the rest are understood to be the largest possible distances that ensure the resulting
space is in GMet. For instance, when writing Vz,y, z.s = t, the context is the discrete space
on {z,y, z}. In particular, any equation in the sense of Definition 8 can be interpreted as a
GMet equation where the context is taken with the discrete metric. When writing the Met
equation Vo =, y,y =5 z.s = t, the metric space of variables is the metric d on {x,y, 2z} with
d(z,y) =d(y,z) =€, d(y,z) = d(z,y) =0, d(x,z) = d(z,2) = € + ¢ and all other distances
are 0 (to ensure all axioms for Met are satisfied).

Quantitative Theories

» Definition 16 (Quantitative algebraic theory). Given a class E of GMet (quantitative)
equations over ¥, QTh(QAlg(X, E)) is the class of GMet (quantitative) equations that are
satisfied in all quantitative algebras in QAlg(X, E'). A quantitative algebraic theory is a class
E of GMet (quantitative) equations over a signature ¥ such that E= QTh(QAlg(%, E))
For any set of GMet (quantitative) equations E, QTh(QAlg(X, E)) is a quantitative
algebraic theory, and we call elements of E the generators of this theory.

Without presenting a full deductive system for GMet (quantitative) equations, we will need
the following results saying that quantitative theories are closed under some deductive rules.

» Lemma 17. For any quantitative algebra A, metric space (X, d), and z,y € X,
A ': V(X, d)l‘ :d(z,y) y.
» Lemma 18. For any quantitative algebra A, metric space (X,d), and s,t € Tx X,

AEVY(X,d).s = t.
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» Lemma 19. For any quantitative algebra A, metric space (X, d), and s,s',t,t' € Ts X,

AEV(X,d).s=s and AFVY(X,d).s=.t = AFEVY(X,d).s =t
AEV(X,d)t =t and AEY(X,d).s = t = AEV(X,d).s =.

» Lemma 20. Fiz a quantitative algebra A and a set X, and let d| be the discrete metric
on X. For any other metric d on X, we have

AEVY(X,d))s=t = AFV(X,d).s=t and
AEY(X,d\)s =t = AEY(X,d).s = t.

Proof. Any assignment ¢ : (X,d) — (4, d4) can be precomposed with idx : (X,d;) — (X,d)
while preserving the interpretation, i.e. [s]Y = [s]4'4*. <

» Lemma 21. Fiz a quantitative algebra A, and a space (X,d). For anye < ¢’
AEY(X,d).s =t = AEY(X,d).s = t.
Thus, for any quantitative algebraic theory E, V(X,d).s=t€ E implies V(X,d).s = t € E.

» Lemma 22. For any quantitative algebra A, metric spaces (X,d) and (Y,A) and functions
o X S TeY. If

Vo, o' € X AEY(Y,A).0(z) =4z, o(x") and (6)
AEV(X,d).s =ct then (7)
AEY(Y,A).o"(s) = o"(t), (8)

where o*(s) is the term s where all occurences of the variable x € X has been replaced by the
term o(z) and similarly for t. Formally, o* = p¥ o Tso : Ts X — TxY .

Free Algebras and Monadicity

We have a quantitative analog to Proposition 10.

» Proposition 23. For any quantitative algebraic theory (E,E), the forgetful functor U :
QAlg(X, E) —» GMet that forgets about the algebra structure is strictly monadic.

Proof sketch. We give the detailed constructions of the left adjoint via free algebras. The
carrier of the free (¥, E)-algebra on (X, d) is the metric space T, 5(X,d) defined as follows.

The carrier is the set of terms in 75X quotiented by the equivalence relation
s=~teV(X,d).s=tckE.

We denote by [s|5 the equivalence class of s € Ty X in TxX/=, and note that it also
depends on d. The metric is di : Tx X/=5 x T X/= — [0,1] defined by

dz([s], [t]) <e & V(X,d).s = t.

Some work is need to show fz (X, d) = (T X/=4,d3) is a metric space.
The interpretation of op : n € X is defined syntactically (a bit of work is needed to show
this is well-defined and nonexpansive):

[op]([t1] 5« - -+ [tn]z) = [OP(t1s -+, )] -
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~

The universal morphism from (X, d) to U is na’(Ed) (X, d) — fz (X, d) sending = to [z]5.

After showing U uniquely creates coequalizers of U—split pairs, we obtain a monad T\z 7

~

with unit 772’]E and multiplication ,uEﬁ such that EM(TE E) ~ QAlg(%, E) The explicit
definitions of IA“E 5 applied to f (A,ds) — (B,dp) and the multiplication are respectively

e fzﬁ(A, da) — fzﬁ(B,dB) = [t]5 — [Txf(t)]5, and

Monad Presentations

» Definition 24 (Set presentation). A presentation of a monad (M,n,u) on Set is an
algebraic theory (3, E) along with a monad isomorphism Ts, g = M.

By Propositions 4 and 10, a presentation (X, E') for M yields an isomorphism of categories
EM(M) = Alg(X, E). If p: Ts g — M is the isomorphism witnessing the presentation, this
isomorphism of categories is given as follows.

Given an M-algebra oo : M A — A, the algebra A, = (4, [X]4) is defined by letting, for
each op: n € X, [op]a(a,...,an) = a(palop(ai,...,a,)] ). This interpretation extended
to terms yields

[Jo=ToA 22 1 pa 22 A & A

Given a (X, F)-algebra A = (A,[X]4), the algebra a, is defined by factorising the
interpretation of terms through Ty, g A and precomposing by pzl, that is,

—1
an = MA 22y 1 pa 14, 4

» Example 25. We give two main examples of monads on Set with a presentation.

1. The finite non-empty powerset monad P : Set — Set represents nondeterminism in
computation, and it is presented by the theory of semilattices comprising a binary
operation @ and the equations (stating @ is idempotent, commutative and associative)

Veax®r=x Ve, yc®y=y®dz, and Vz,y,2.2® (y Dz) = ( Dy) @ 2. (9)

We will denote the signature of semilattices by Xs, the equations in (9) by Es, the
corresponding monad by Ts := Tx, g and the isomorphism by p°:Ts — P.

2. The finitely supported distributions monad D : Set — Set represents probabilistic
nondeterminism in computation, and it is presented by the theory of convex algebras
comprising a binary operation +, for every p € (0,1) and the following equations (stating
+, is idempotent, skew commutative and skew associative) for every p,q € (0, 1)

Ve.x = z+px, V2, y.2+pY = y+1-p, and Vo, y, 2.(x+,y) +p2 = T+pq (Y+pa—o 2). (10)
1—pgq

We will denote the signature of convex algebras by Yca, the equations in (10) by Eca,
the corresponding monad by Tca := Tx, E., and the isomorphism by pCA :Tea — D.

o~

» Definition 26 (GMet presentation). A presentation of a monad (M,7, i) on GMet is a
E

quantitative algebraic theory (X, E) along with a monad isomorphism fg =M.
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4 Lifting Set Presentations to GMet Presentations

Most examples of GMet presentations in the literature [14, 19, 17, 18] are built on top of a
Set presentation. In summary, there is a monad M with a known algebraic presentation
(3, E) (e.g. P and semilattices or D and convex algebras) and a lifting of every metric space
(X, d) to a metric space (M X, (i) Then, a quantitative algebraic theory (3, E) over the same
signature is generated by counterparts to the equations in E as well as new quantitative
equations to model the lifting. Finally, it is shown how the theory axiomatises the lifting,
namely the GMet monad induced by the theory is isomorphic to a monad whose action on
objects is the assignment (X, d) — (MX,E).

In this section, we prove our main result (Theorem 32) which makes this process more
automatic and gives a necessary and sufficient conditions for when it can actually be done.
Throughout, we fix a monad (M, 7, 1) on Set and an algebraic theory (¥, E') presenting M
via the isomorphism p : T5 p = M. We first give multiple definitions to make precise what
we mean by lifting.

» Definition 27. A lifting of M to GMet is an assignment (X,d) — (MX,d) defining a

—

metric on M X for every metric on X, we denote such a lifting with M. We call it a functor

~

lifting when for every nonexpansive function f: (X,d) — (Y,A), Mf: (MX,d) —» (MY, ﬁ)

~

is also nonexpansive. This defines a functor M : GMet — GMet with M(X,d) = (MX,d)
and M(f) = Mf. We call it a monad lifting when, it is a functor lifting and additionally,

~ = ~

for any (X,d), the functions nx : (X,d) — (MX,d) and ux : (MMX,d) — (MX,d)
are nonexpansive. This defines a monad (M, 7, i) with M being the functor defined above,
Nix.d) =nx and [(x,a) = X

» Definition 28. A lifting of an algebraic theory (X, E) to GMet is a quantitative algebraic
theory E over the same signature ¥ such that for any space (X, d) and terms s,t € Ts X,

VXs=tcEaVY(X,d.s=tckE. (11)
We say this lifting axiomatises a lifting of M if for any (X, d) and terms s,t € Ts X,

d(px|s], px[t]) <e © V(X,d).s=.t € E. (12)

Because any quantitative theory induces a monad (Proposition 23), the notion of theory
lifting is already strong enough to induce a monad lifting.

» Lemma 29. IfE is a lifting of a theory E, then fE 7 15 a monad lifting of Tx .

Proof. By Definition 28 and the constructions of T g and ZA“E 7 we find that for any (X, d),

Ts, X is the underlying set of TE g(X ,d). Indeed, both these sets are T X quotiented by
=p and =g respectively, where /

SEEt<:>VX.S=t€E(g)V(X,d).SZtEE‘@SEEt.

Since the actions on morphisms, units and multiplications of both monads are defined
syntactically in the same way, we conclude that T¢, 5 is a monad lifting of T g. |

IfEisa lifting of F and it axiomatises M , then we can show M is a monad lifting by exhibiting
an isomorphism TE 5= M that relies on the already known isomorphism p: Tx g = M.

» Lemma 30. IfE is a lifting of E and it axiomatises ]/\4\, then M is a monad lifting of M .
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Proof. Suppose Eisa lifting of the theory E axiomatising M. We saw in Lemma 29 that
T}, 7 is a monad lifting of Tx, g. Hence, px is a bijection between the underlying sets of
fz (X, d) and M (X, d). Moreover, by previous definitions, we have

)

L

(pxlsl, pxlt]) < e @ V(X d)s = t € E & d([s], [1]) <,

which implies px : fz: (X, d) — ]\/Z(X, d) is an isometry (it preserves distances). We
conclude that px : fz (X, d) — ]/\/[\(X, d) is an isomorphism (a bijective isometry). Since p
is a monad morphism, we have the following equations for any f: (X,d) — (Y, A).

Mf=MX,d) 25 T (X, d) =25 T (v, 0) 25 M(v, A)
X,E Y o
nx = (X,d) 2 Ty, 5(X,d) 25 M(X, d)

—1

o~ Mp71 o~ PT . X o~ o~ #Z’E ~ —
px = MM(X,d) == MT, (X, d) =E T, 5T, (X, d) == T p(X,d) 2 M(X, ) |

All the arrows in the composites are nonexpansive either by what we just proved (px and
pyx’ are nonexpansive for any (X, d)) or because Ty, & is a monad lifting of 7, p (Lemma

29). We find that M is a monad lifting of M. <

In hope to get a converse, given M a lifting of M, we can naively attempt to define a
theory E lifting E' that axiomatises it. To ensure the forward implication of (11) holds,
we use Lemma 20 and add the GMet equation V(X,d,).s =t for each equation VX.s = ¢
that belongs to E. To ensure the forward implication of (12) holds, we use Lemma 21 and
add the GMet quantitative equation V(X,d).s =, t for all metric space (X, d) and terms
s,t € Ty X satisfying c?(pX [s], px[t]) = €. Formally, E = QTh(QAIg(Z, Ey U E,)), where

Ey={V(X,d,)s=t|VX.s=te E} and (13)

By = {W(X.d).s = t| = = d(pxls], px[t]) } (14)
Unfortunately, the converse implications of (11) and (12) do not always hold, but Theorem
32 says they hold exactly when M is a monad lifting. The proof relies on one key lemma.

» Lemma 31. Let M be a monad lifting of M and (A,d4) be a metric space in GMet. The
lifting yields a metric da on M A, and the free (X, E)—algebra (M A, [X],..) on M A is obtained
by passing the free M —algebra (M A, ua) through the isomorphism EM(M) = Alg(%, E).
Then (MA, [[Z]]HA,C/IZ\A) is a quantitative (X, E;)-algebra.

Proof. A bit of unrolling shows that for an assignment ¢ : X — M A, the interpretation
[-];., is the composite

ToX B4 roMA 5 1 pMA 2 MM A A M A

For later use, we apply the naturality of [—]g and p to rewrite the composite as
[—le

-], = TsX —2 Ty pX 2% Mx X% MmA 22 MA. (15)

We show that M = (MA,dy, [3],.) is a quantitative (%, E)-algebra. First, we show it
satisfies the GMet equations in (13). If VX.s = ¢ € E, then the (3, E)-algebra underlying
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M satisfies VX.s = t, hence for any ¢ : (X,d;) = (M A, JA), identifying ¢ with its underlying
function, we have [s],, = [t];,,, and we conclude M F V(X,d).s =t.
Next, we show M satisfies the GMet quantitative equations in (14). Let V(X,d).s = t

with & = d(px][s], px]t]), and let ¢ : (X,d) — (MA,d4) be nonexpansive. We have the
following derivation

da ([s],,, 1tL,) = dalpa(Mu(px ([s]2)), na(Mu(px ([t]£)))) using (15)
< da(Mu(px([s]p)), Mu(px ([t£))) pia s (MMA,dy) — (MA,dy) nonexpansive
<dlpx([slg), px([t]&)) Mu: (MX,d) — (MMA,dy,) nonexpansive
=

We conclude that M E V(X,d).s = t for all those GMet (quantitative) equations in Es,

and hence M € QAlg(Y, E ;). <

» Theorem 32. Let M be a lifting of M to GMet, then M is a monad lifting if and only if
there exists a lifting of the theory E that axiomatises M.

Proof. The converse direction is Lemma 30. Supposing that M is a monad lifting of M, we

will show that E is a lifting of £ axiomatising M. First, we show Er is a lifting of E, i.e.

for any (X,d) and s,t € Tx X,
VX.s=teEoV(X,d.s=tcEg.

(=) By (13) in the definition of E;, we have V(X,d).s =t € E. Then, Lemma 20
implies V(X,d).s =t € Eg;.

(<) Now, if V(X,d).s =t € E;, we saw in Lemma 31 that M(x ) = (M X, d, [E],.)
belongs to QAlg(X, Eﬁ) hence M x 4) F V(X,d).s = t. Taking the assignment 1y : (X, d) —
M (X, d) which is nonexpansive because M is a monad lifting, we have [s[}X = [t]}X. Using
(15) and the monad law pux o Mnx = idpysx, we find

px[sle = [sI7% = [H0% = px[t]e-

Finally, since px is a bijection, we have [s|g = [t]g, i.e. VX.s=t € E.

N

Next, we show that £ axiomatises M. Fix (X,d) and terms s,t € Tx, X, we will show

o~

d(px[s], px[t]) <e & V(X,d).s =t € E.

~

(=) By definition of E;, writing g9 = d(p[s], plt]), we know that V(X,d).s =., t € E;.

Now, if g < ¢, then by Lemma 21, also V(X,d).s =. t € Eg.
(<) As above, Lemma 31 says that M x 4y satisfies V(X, d).s =, t. Taking the assignment
nx (X, d) — M (X, d) which is nonexpansive because M is a monad lifting, we have

d(px|s], px[t]) = d ([s]jX. [t]7%) < e
This concludes the proof that E is a lifting of £ that axiomatises M. |

The forward direction of this result is new, and it says that any monad lifting of a monad
on Set with an algebraic presentation has a quantitative algebraic presentation. This also
has nice theoretical consequences, it leads to a correspondence between monad liftings and
theory liftings, a step in the direction of characterising monads arising from quantitative
algebraic theories.
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» Corollary 33. Denoting ML(M) the class of monad liftings of M and TL(E) the class of
theory liftings of E, there is a bijection ML(M) = TL(E).

From the point of view of categorical algebra/logic, Corollary 33 might look incomplete.
We defer to future work the task of making this result into an equivalence of categories as is
common practice in the aforementioned fields.

5 Applications

We have just mentioned the significance of Theorem 32 with respect to the theoretical study
of quantitative algebraic reasoning. In this section, we will show how our main theorem can
also help in concrete applications of this framework.

Our primary envisioned purpose for Theorem 32 is to provide a simpler and more
automatic way to use the framework of quantitative algebraic reasoning in concrete situations.
The expected setting is that in the study of some computational effect (a monad) with a well
understood algebraic theory (presenting the monad), there arises a need for a quantitative
perspective. This is realized by defining a distance on terms of the theory that depends on a
distance between variables. This assembles into what we called a lifting of the monad to
GMet, and if it can be proven that this lifting is a monad lifting, then Theorem 32 allows
to reason equationally about this distance using a quantitative algebraic theory.

Unfortunately, this theory is generated by an impractical amount of GMet (quantitative)
equations — to implement in a model checking algorithm for instance. Nevertheless, the
generating sets in (13) and (14) can be a starting point to find a more manageable set
of (quantitative) equations that generates the same theory. We showcase this with four
examples, they rely on the Set presentations in Example 25.

Powerset lifting. We define the following lifting of P to Met:

0 S=9
(X,d) = (PX.d) where d(S,5') = { d(w,y) S ={z}and &' = {y} .
1 otherwise

Viewing P as modelling nondeterminism, this lifting says that nondeterministic processes
cannot be meaningfully compared (they are put at maximum distance) unless the sets of
possible outcomes are the same (distance is zero) or both processes are deterministic (distance
is inherited from the distance between the only possible outcomes).

» Proposition 34. The lifting above, we denote it by 73, is a monad lifting of P to Met.
Denoting E the Set theory of semilattices, Theorem 32 gives us a quantitative theory

E73 that lifts £ and axiomatises P. It is generated by the Met (quantitative) equations
Br={V(X,d.)s=t|VXs=tecE} and B = {V(X, d)s=.1|c= J(pi[s],pi[t})} .

In order to obtain a generating set that is more convenient, we first note that since F is
generated by the equations in (9), we can (using Remark 15) see them as Met equations
that can replace F,. We prove this in full generality.

» Lemma 35. Let E and E’ be two classes of equations over ¥ such that for all A € Alg(Y),
AE E implies A E'. If

E={V(X,d\)s=t|VX.s=tcE} and E ={¥(X,d)s=t|VXs=tecE'},
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then for all A € QAlg(Y), AFE E implies AE E'.

Proof. Since all assignments ¢ : X — A are nonexpansive assignments ¢ : (X,d; ) — (A,da)
and vice versa, an algebra A € QAlg(X) satisfies V(X,d, ).s = t if and only if its underlying
algebra UA € Alg(Y) satisfies VX.s = t. Thus, we have for all A € QAlg(Y),

AEESUAEE — UAEE < AEFE. <

Next, we observe that all the quantitative equations in Eg are redundant. As in the definition
of C/l\, there are three cases.
If [s] = [t], i.e. s and t represent the same subset of X, then the equation VX.s =t is in
E which means V(X,d, ).s =t is in E;. We conclude, by Lemma 20, that V(X,d).s = ¢
is in the theory generated by E; and since we are in Met where all self-distances are
zero, it follows that V(X d).s =¢ ¢ is already in the theory generated by E\.
If [s] = [z] and [t] = [y] for some z,y € X, then the equations VX.s = z and VX.t =y
are in F which means (using Lemma 20) that V(X,d).s = x and V(X,d).t = y are in the
theory generated by E;. Furthermore, Lemma 17 implies V(X, d).xz =. y is also in the
theory generated by E; where ¢ = d(z,y) = A(p% [s], p% [t]), and finally by Lemma 19,
V(X,d).s = t already belongs to the theory generated by E;.
In all other cases, ¢ = g(pi[s], 0% [t]) =1, so Lemma 18 implies V(X,d).s = t already

belongs to the theory generated by FEj.
We conclude that E73 is generated by the Met equations

Vex @z =z, Vr,yc®y=ydz, and Vz,y, 22D (y D z2) = (zDy) ® . (16)

In [14], the Hausdorff distance between finite subsets of a metric space is shown to be
axiomatised by a quantitative algebraic theory lifting the theory of semilattices, yielding
another monad lifting of P. That theory is generated by the Met equations in (16) plus
the set of Met quantitative equations below stipulating that the semilattice operation is a
nonexpansive map (A4,da) x (A,da) — (A,da).

Ey = {V.T =& xlay ¢’ y/@“ Dy “max{e,e’} ! D y/ ‘ 576/ € [Oa 1]} (17)

These quantitative equations are there by default in [14] because they only consider
quantitative algebras with operations that are nonexpansive with respect to the product
metric. It is then natural to ask whether the monad lifting P we defined can be presented
by a quantitative algebraic theory in the sense of [14]. The answer is negative because
of a property that all monads presented by theories of [14] share: they are enriched over
(Met, ®, 1) (see [2, p. 23]). The monad P is not enriched because it does not satisfy

vhig: (X,d) = (V.4), sup A(f(e),g(x)) = sup A(£(S), 9(9)).

Let f be the identity function on [0, %] and g be the squaring function, then the left hand side
is at most % (A is bounded by %), and the right hand side is 1 as witnessed by S = {0, %}

f(8) = S and g(S) = {0, 1}, so A(f(S),9(5)) = 1.
Hausdorff lifting. The Hausdorff lifting 73H is defined by How do we prove this is a monad
lifting?

xzeS yeT yeT zeS

(X,d) = (PX,dn) where dy(S,T) = max {max min d(z,y), max min d(:my)} .

The proof in [14] of the axiomatisation of this lifting by Es U Ey relies on the following
lemma called Hausdorff duality.

13
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» Lemma 36. [14, Theorem 10.5][16, Proposition 2.1] For any S,T € PX,

dn(S,T) = min{(;r@lggcd(x,y) |CCX xX,m(C)=8,m(C)= T} .
Our general theorem cannot waive the need for this result specific to the Hausdorff lifting,
but it will help streamline the axiomatisation proof by removing a lot of overhead. Using
Theorem 32 and Lemma 36, it is relatively easy to show the monad Py is presented by the
Met (quantitative) equations in Es U Ey (essentially Corollary 10.9 in [14]). Since Py is a
monad lifting, Theorem 32 gives a theory E73H presenting the monad generated by

By ={¥(X,d)s=t|VX.s=t e E} and By = {¥(X,d).s = t | ¢ = du (p%[s], 0% [1]) } -

By Lemma 35, we can replace El by the equations in Eg seen as Met equations. It remains
to show that if a quantitative algebra A € QAlg(Xs) satisfies the equations in El and Ey
(we note the latter is a subset of Eg), then it also satisfies the equations in Eg. Suppose
AE El U Ey, and let (X, d) be a metric space and s,t € Ts X, we will show that AF s=_¢
with e = dn(pX[s], P [t])-

Lemma 36 says there exists some C' C X x X satisfying 71 (C) = p%[s] and 72(C) = pX[t]
such that ¢ = max(, ,)cc d(z,y). The conditions on the projections mean that the terms
s' = @.comi(c) and t' = @ . m2(c) can be proven equal to s and ¢ respectively in the
theory of semilattices. Using Lemmas 35 and 20, we find A satisfies V(X,d).s = s’ and
V(X,d).t = t'. Moreover, since A F Ey, the interpretation of the semilattice operation
is nonexpansive with respect to the product metric, and this implies for any assignment
v (X, d) = (A,da),

da([s'Ta [tT) < maxda([m ()] [ra()]a) < maxd(m (), m2(c)) = =

We conclude that A F s’ =, t’ and by Lemma 19, A F s =, t as desired.

Kantorovich lifting. We quickly mention a similar example for the Kantorovich lifting of
D that was proven to be a monad lifting in [26]. After proving a convexity property of
the Kantorovich metric [19, Proposition 46] and the Kantorovich-Rubinstein duality [27,
Theorem 5.10], an argument close to the one above shows that the Kantorovich lifting is
presented by the Met equations in (10) and the following set of Met quantitative equations.

Ex={Ve =2 y=c ' T+, Y =pera—pye @ +py | &, €[0,1],p € (0,1)}

We cannot readily compare this with the presentation proof in [14] because they deal with
all p-Wasserstein metrics (of which Kantorovich is an example) at once.

Hausdorff—~Kantorovich lifting. In [19], the authors showed how to combine the Hausdorff
lifting and the Kantorovich lifting to get a monad lifting of the monad C of finitely generated
convex sets of distributions. They also show that the resulting monad is presented by the
combination of Fs, Eca, Ex, Fx and Met equations stating the distributivity of +, over @.
This presentation proof can again be streamlined using Theorem 32 and their key results.

tK lifting. Let us give one last example in full details. Given a metric space (X, d) and
two probability distributions ¢, € DX, the Lukaszyk—Karmowski (LK for short) distance
between them is

drk (0, ¢) = Z p(z)Y(2)d(z,2').

z,x'eX
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It was shown in [18] that the LK distance yields a monad lifting D of D to DMet, the
category of diffuse metric spaces (points may have non-zero self-distance, see [8]). The
authors also gave a relatively simple quantitative algebraic theory presenting it, but Theorem
32 will help us find a simpler one. Let E be the algebraic theory of convex algebras. The
theorem gives us a theory Epx presenting D and generated by the DMet (quantitative)
equations

By ={¥(X,d)s=t|V¥X.s=t e E} and By = {¥(X,d).s = t | e = drx (L[], pL11]) ]

As above (using Lemma 35), we can replace E by the set of equations coming from (10). In
order to simplify Es, we rely on a property that dpx satisfies: for any ¢, ', € DX and
p€0,1],

dix (pe + (1 = p)¢', ) = pdix (v, v) + (1 — p)de (¥, ). (18)

Intuitively, this means that we can compute the distance between s and ¢t by decomposing
the terms into their variables, computing simple distances, then combining them to get back
to s and t. Formally, we only need to keep the quantitative equations in E5 that belong to

E2 = {V{E =1 Yo T =ey 28 =pey+(1—p)ex Y Tp 2 | €1,€2 € [0, 1]ap € (O, 1)}

We will prove that for any A € Alg(Xca), A E E, U E‘é implies A F E, U E,. Suppose
AF El U E‘é, we proceed by induction on the structure of s and ¢ to show that A F
V(X,d).s =c t, where € = drk (p[s], pS8[t]). If s and ¢ are variables, then p§[s] = 0, and
P8It = 6, for some z,y € X, thus ¢ = d(z,y) and V(X,d).z =d(x,y) Y is satisfied by A (by
Lemma 17). Otherwise, without loss of generality (using symmetry), write ¢ = t1 +,, 2,
g; = dek (p[s], p58[ti]), and the induction hypothesis tells us that A E V(X,d).s =, t; for
i =1,2. Then, we define a substitution map o : {z,y,z} — Tx X with z — s, y — ¢; and
z > to, and since A FVr =, y, & =c, 2.0 =pc 4 (1-p)es Y Tp 2 € Eé, we can apply Lemma
22 to get the desired A F V(X,d).s = t with

¢ = pdpx (p§(A [s], P [02]) + (1 = p)dek (0% (5], pK[t2])
= dux (X [S],ppx [t1] + (1 = p)pS[ta]) by (18)
= duk (p5[s], X [t1 +p t2])
= dix (p$[s], pS[H]) =€

We conclude that Fyk is generated by the DMet equations in (10) and the DMet quantit-
ative equations in Fj.

6 Conclusion and Future Work

We have presented an automatic process for constructing a quantitative algebraic presentation
of a monad lifting on GMet, given a algebraic presentation for its underlying monad on Set
with an algebraic presentation. While this presentation may not be practically convenient,
we have shown how it can guide the search for simpler presentations.

As we continue to work towards growing the list of presentation results, we believe that
our approach can be useful in several ways. For instance, verifying that the multiplication
of a monad is nonexpansive (for some lifting) can be very difficult. Thus, it could lessen
the burden if we can find a property of the quantitative theory given in (13) and (14) that
is equivalent to the multiplication being nonexpansive. Additionally, understanding these
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theories might help in determining when two monad liftings can be composed, given that
there is a (weak) distributive law between the underlying monads. This is not always the
case [17, Theorem 44].

In Corollary 33, we hint at a small step towards a correspondence between monads on

GMet and quantitative algebraic theories. More work is needed, especially after noting that

the results of [1] and [2] do not apply to our framework as they work with enriched monads.
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7.4.1 Proof of Proposition 34 . . . . . ... ... ... ... .. 19

7.1 Proofs of Section 3
7.1.1 Proof of Lemma 21

Suppose A F V(X,d).s = t. For any ¢ : (X,d) — (A4,da), we have da([s]4,[t]4) <e <€,
so A EV(X,d).s = t. It follows that

V(X,d).s=.t € E & VA € QAlg(S,E),AEV(X,d).s = t
— VA € QAlg(S,E), AEVY(X,d).s = t
S V(X,d).s=.t€E.

7.1.2 Proof of Lemma 22

Suppose (6) and (7) hold and let ¢ : (Y, A) — (A,d4). Define the assignment ¢, : (X,d) —
(A,d4) that sends z € X to [o(z)]4 € A. It is nonexpansive because for any z,2’ € X,
da([o()]4y, [o(z")]4) < d(z,2") by (6). Therefore, by (7), da([s]'s,[t]’s) < e. Finally, we
observe that

[-1% = [-]a°Ts(e0)

=[-]a o Tx(Jo(—)]%)
=[-JacTs ([-]JacTstoo)
=[-JaoTs[-]aoTsTsio Tro
= [-JaopsoTsTsioTso
=[-]a ngLo,u}E,nga
= [o" ()14,

so da([o*(s)]'a, [0 (1)]4) <e.

7.2 Proof of Proposition 23

We prove here that the algebra constructed in the proof sketch is the free algebra, hence
giving a left adjoint to the forgetful functor.

Fix a metric space (X,d) and denote Tx 4 the free algebra on it. The carrier is
(TsX/=5, dﬁ) and the interpretation of operations is the syntactic one that ensures T(x g

belongs to QAlg(E,E). For any algebra A = (A,da, [X]4) and nonexpansive function
[ (X,d) = (A,da), we need to find a homomorphism f* : T(x 4 — A such that
Flels = f(@).

Since Tx X is the free Y—-algebra on X, there is a homomorphism f* from Ty X to the
underlying Y—algebra of A that satisfies f*(z) = f(z). This equation and the homomorphism
property imply that for any ¢t € Tx X, f*(t) = [[tﬂﬁ. Thus, if [s]z = [t]; then by definition
V(X,d).s=t¢€ E which means

(o) =1[s1h = [t) = £~ (1)

because A satisfies all equations in E. Factoring f* through TxX/ =5, we get a well-defined
homomorphism f* between the underlying ¥-algebras of T(x 4) and A, and it satisfies

frlzlg) = (@) = f().
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t]5) = ¢, this

means V(X,d).s =. t € E. Since A satisfies all quantitative equations in E, we have

da(f*lslg £7[t)5) = da([s]h. [Eh) < =,

hence f* is nonexpansive.

The uniqueness of f* follows from the uniqueness of f*. Indeed, let ff be a homomorphism
T(x,q) — A satisfying fﬁ[m]ﬁ = f(z), then precompose f* with the quotient 75X —» I X/=5.
The result is a homomorphism of Y-algebras ¢ : T X — A that sends z to f(z), so it is f*

It remains to show f* is nonexpansive. Let s,t € Tx X such that dx([s]z, [

~

by uniqueness. Now, we have f* o ¢ = f* = ff o ¢, which means f* = f* since ¢ is surjective.

7.3 Proofs of Section 4
7.3.1 Proof of Corollary 33

Given M a monad lifting of M, Theorem 32 showed E'r; is a lifting of E' axiomatising M. Tt

is a formal consequence of the definitions that if E and E' both lift E and axiomatize M ,
then E = E’. Indeed, for any (X, d), terms s,t € Ty X and € € [0, 1], we have

V(X,d)s=tc EBvXs=teE S vX,d.s=tecE, and

V(X,d).s =t e BE dpls), plt]) < e @ v(X,d)s =t e E.

IfEisa lifting of E, then Lemma 29 says that fz 7 is a monad lifting of T g, and using
the isomorphism M = T%; i, we can define a monad lifting M B of M axiomatised by E. For
any m,m’ € MX, let

d(m,m’) = inf {5 € [0,1] | V(X,d).s = t € E, px*(m) = [s] and px'(m') = [t]}

It follows from Lemma 21 and Definition ?? that E axiomatises M.

It is a formal consequence of the definitions that if E axiomatises both M and M’ monad
liftings of M, then M = M. Indeed, denoting KJ\(X7 d) = (MX,d) and J\Y’(X, d)=(MX,d),
we have for any m, m’ € MX and terms s,t € Ts X satisfying py' (m) = [s] and py' (m/) = [t]:

dim,m’) < e = d(pls], plt]) < e B VX, d)s = t € ER T (pls], plt]) < & = d(m,m’) < =]}

We find that sending MtoE 1; and sending EtoM 7 are inverses, yielding the bijection
ML(M) = TL(E).

7.4 Proofs of Section 5
7.4.1 Proof of Proposition 34

The fact that P is a monad lifting of P to Met is a consequence of the following lemmas.

~

» Lemma 37. If (X,d) is a metric space, then so is (PX,d).

Proof. Symmetry (1) is clear from the definition (using symmetry of d). We can prove (2)
and (3) at once by

~

d(S,8) =0 S=5or S={x}, S ={y}, dlz,y) =0
sS=S5oS={z}, ={y}, z=y
&S5=5.
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For (4), let S,T,U € PX. If d(S, T) =0, then d(S,U) —d(T U) —d(S T) + d(T,U), and a
symmetric argument works when d(T,U) = 0. If one of d(S,T) or d(T,U) is equal to 1, then
since d(S, U) < 1, the triangle inequality must hold. In the last possible cases, all sets must
be singletons, so

d({z},{2}) = d(z,2) < d(z,y) + d(y, 2) = d({z}, {y}) + d{y}, {=}).

A |
» Lemma 38. If f : (X,d) — (Y,A) is nonexpansive, then so is Pf : (PX,d) — (PY,A).
Proof. Let S,5’ € PX. If S = S, then f(S) = f(S'), so
A(f(S), f(8) =0 <0=d(S, 5.
If § = {z} and ' = {y}, then f(S) = {f(x)} and £(S") = {f(y)}, so
A(£(S), £(S") = A(f(2), () < d(z,y) = d(S, ).
Otherwise, d(S,5") = 1 and A(f(S), (")) is always less or equal to 1. <

» Lemma 39. For any (X,d), the map nx : (X,d) — (PX, g) is nonexpansive.

Proof. Recall that nx(z) = {z}. For any z,y € X, &\({x}, {y}) = d(x,y), so nx is even an
isometry. |

» Lemma 40. For any (X,d), the map ux : (PPX, d) — (PX,d) is nonexpansive.

Proof. Recall that pux(F) = UF and let F, 7' € PPX. The case F = F' is dealt with by
(2) and (3). If F = {S} and F' = {S'}, then

d(px (F), px (F') = d(S,8') = d({S},{S"}).

~
~

In the last possible cases, d(F,F’) = 1, so the inequality holds because c?(yx (F), ux (F') is
always less or equal to 1. |



